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EMBEDDING BERGMAN SPACES INTO TENT SPACES 


JOSE ANGEL PELAEZ, JOUNI RATTYA, AND KIAN SIERRA 


Abstract. Let A£ denote the Bergman space in the unit disc D of the complex plane induced 
by a radial weight ui with the doubling property f ^ c o(s) ds < C f i+ r <n(s) ds. The tent space 
Tg(v, to) consists of functions such that 

II/IIt*(„uO = [ ( [ I f(z)\ a du(zU w(C) dA(() < oo, 0<q,s<oo. 

“ y J d r(0 J 

Here T(£) is a non-tangential approach region with vertex £ in the punctured unit disc B\{0}. 
We characterize the positive Borel measures v such that is embedded into the tent space 
Ts(v,lj), where 1 + ^ | > 0, by considering a generalized area operator. The results are 

provided in terms of Carleson measures for A? 


1. Introduction and main results 


The theory of tent spaces introduced by Coifman, Meyer and Stein [3], and further studied 
by Cohn and Verbitsky |3j among others, shows the importance of maximal and square area 
functions and other objects from harmonic analysis [6] in the study of Hardy spaces in the 
unit disc D = {z : \z\ < i} mm- The recent studies H2Q3] show that tent spaces have 
natural analogues for Bergman spaces, and they may play a role in the theory of weighted 
Bergman spaces similar to that of the original tent spaces in the Hardy space case. The tent 
space Ts(is,w) consists of u-equivalence classes of v -measurable functions / : D —> C such that 




= IK 


m\ q 


L% 


(X(C) l/( 0 )r dZ/ ( Z )) ^(0 dA(() < oo, 0 < q,s < oo. 


Here v is assumed to be a positive Borel measure on ID, finite on compact sets, and uj G V, that 
is, uj is radial and w(r) = f j 1 uj(s)ds has the doubling property sup 0<r<1 u)(r)/uj(-^ L ) < oo. 
Moreover, 

r(z) = h G D : \e - arg(£)| < \ (l “ y) } , « = re w G 5 \ {0}, 

are non-tangential approach regions with vertexes inside the disc, and the related tents are de¬ 
fined by T(0 = (z € D : ( £ r(z)} for all ( E D\{0}. We also set uj(T( 0)) = lim^Q-i- uj(T(r)) 
to deal with the origin. 

The purpose of this paper is three fold. First, we are interested in the question of when the 
weighted Bergman space A^, consisting of analytic functions in the unit disc ID such that 




\f(z)\ p u(z) dA(z) < oo, 0 < p < oo, 
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is continuously or compactly embedded into the tent space Ts(v,oj). Analogous problems 
for Hardy and Hardy-Sobolev spaces have been considered in It turns out that the 

containment A C Tf(n,u>) is naturally described in terms of Carleson measures for A For 
0 < p,q < oo, a positive Borel measure /r on B is a g-Carleson measure for A £ if there exists 
a constant C > 0 such that ||/||^9 < CH/H^p for all / € Aff. 


Theorem 1. Let 0 < p, q, s < oo such that 1 + ^ — ^ > 0, co £ V and u a positive Borel 
measure on B, finite on compact sets, such that p({0}) = 0. Write = w(T(C)) du {£) for 

all ( G D. Then the following assertions hold: 

(i) Id : Au —> T§(y,uj) is bounded if and only if is a (p + s — ^ )-Carleson measure 
for A^. Moreover, 

WhWAZ^Tfiw) x H J dll P+ 3 -f 

p+s 

(ii) Id : Au —> Ts(n,tjo) is compact if and only if Id '■ A% —> L Uui q is compact. 

The requirement p({ 0}) = 0, which does not carry any real restriction, is a technical 
hypotheses caused by the geometry of the tents r(,zi). 

Theorem [T] can be interpret as a characterization of Carleson measures. This is the second 
aim of our study and becomes more apparent when an operator is extracted from Theorem [1] 
For 0 < s < oo, the generalized area operator induced by positive measures p and v on B is 
defined by 

zenx{0} ' 

Minkowski’s inequality shows that G^ s is sublinear if s > 1. This not the case for 0 < s < 1, 
but instead we have {G v ^ s (f + g)) s < (G^ s (/)) s + {G v ^ s (g)) s ■ Anyway, we say that G 1 ’ IS : 
A% -a Lf is bounded if there exists C > 0 such that ||G() (/*)IIz.2, < G\\f\\ a p for all / € Aff. 
Write Pv for the positive measure such that 

W {z) = W§) Mz) 


for /u-almost every zGD. Fubini’s theorem shows that 


g ; m ) Hi 



dp( C) \ 
v(T( 0 )) 

0 \ 

w(r(0) ) 


co(z) dA(z) 


co(z) dA(z) 


= [ 1/(C)| 5 ( fr l (n , [ uj(z)dA(zU dpf{ C) 

fia\{o} (CJj Jt(o J 

= I \f(C)\ s dpf,(() = \\f\\ s L s u ~ |/(0)|V£({0}), 
Jb\{o} ^ 


( 1 . 1 ) 


and hence G l ^ s : Ajf -A L s u is bounded if and only if pf, is an s-Carleson measure for A£. For 
any s > 0, we say that G v ^ s : Af -a Lf is compact if for every bounded sequence { f n } in Ah 
there exists a subsequence {/ nfe } such that G' l ' J S (f nk ) converges in L g (p). 

The next theorem gives a characterization of Carleson measures for Bergman spaces by 
using the generalized area operator G v ^ s . Theorem Q] is a special case of this result, see also 
Theorem [4] in Section [3j 


Theorem 2. Let 0 < p,q,s < oo such that s > q — p, tv € V and let p,v be positive 
Borel measures on B such that p({z € B : v(T(z)) = 0}) = 0 = /i({0}). Then the following 
assertions hold: 
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(i) pf is a q-Carleson measure for Ah if and only if G p : Afj 


Moreover, 


TP+s-q 

J—J(l) 


is bounded. 


lie; 


V || s 
/I, s 


ps 


\\h\\ q A P^ L q 

-rt-OJ r±J ..CJ 

r-v 


(ii) I d : Af 


L« 

H'v 


is compact if and only if G v ^ s : Af 


Lfy s q is compact. 


The third motivation of this study comes from the equivalent A£-norm involving square 
functions, given by 

2 a —2 \ 2 [“]-! 


V 

A* 



D a f {z)Y 


1 - 


dA(z) ) AC)dA(() + \f U) m P 

3=0 


Here 0 < a,p < oo, a; is a radial weight, D a f denotes the fractional derivative of order a and 
[a] is the integer such that [a] < a < [a] + i m Theorem 4.2]. This comparability shows 
that the operator 


Faifm = 



D a f(z)\~ 


1 - 


c 


2a—2 


dA{z) 


c e B\ {0}, 


is bounded from Aff to Iff for each a > 0 . This is no longer true when a = 0 , and therefore 
the definition of G^ s is also motivated by the study of this limit case. This was the starting 

point in the study by Cohn on the area operator G fJ/ (f)(z) = f r ( A |/(C)| , defined for z 
on the boundary T of B, acting from the Hardy space H p to L P (T) [2, Theorem 1], The 
approach by Cohn relies on ideas by John and Nirenberg [7] Theorem 2.1] and Calderon- 
Zygmund decompositions. More recently, similar ideas together the classical factorization 


of Hardy spaces H p = H Pl ■ H P2 , p 1 = p 1 


-i 


+ P2 1 


were used in [ 8 ] to study the case 


G^ : H p -A L q ( T). We do not employ these techniques in the proof of Theorem [2] but instead 
we use a description of the boundedness of a weighted maximal function of Hormander-type. 
To give the precise statement we need to introduce some notation. The Carleson square S{I) 


based on an interval I C T is the set S(I) = {re lt € 


At 


€ I, 1 — |/| < r < 1 }, where 


\E\ denotes the Lebesgue measure of E C T. We associate to each a € B \ {0} the interval 


la = {e : I arg(ae 


-i0\ 


< 


1 ~l a l 


— 2 


}, and denote S(a ) = S(I a )• For a positive Borel measure p 


on 


and a > 0 , define the weighted maximal function 

//(5(a)) 




(v)(z) = sup 

^GS(a) (w(5(o))) 


z G 


In the case a = 1 simply write M w (/r), and if /i is of the form pu dA, then M Uja (p) is the 
weighted maximal function M^AA of ip. The following result is [131 Theorem 3]. 


Theorem A. Let 0 < p < q < 00 and 0 < 7 < 00 such that p'y > 1. Let iz G V and p 
be a positive Borel measure on B. Then [M a ,((-)^i)] 7 : L £ —> L 9 (/i) is bounded if and only if 
M^.q/pip) E L°°. Moreover, 

ll[M,((-) 7 )r|| l L P iL q M) ~ \\M u , q/p (p)\\ L ~. 

Another maximal operator we will face is defined by N(f)(z) = sup^gp^ |/(C)I- It is 
known that N : Af -A L £ is bounded for each radial weight u and ||-/V(/)|| i p x ||/|| 4 p by [ 12 . 
Lemma 4.4]. 

Theorems |T] and [2] would perhaps not be of much significance if we did not understand the 
g-Carleson measures for Aff sufficiently well. In fact, another important ingredient in the proof 
of our main results is the following refinement of the characterizations of Carleson measures 
for Bergman spaces given in 13 Theorem 1], The estimates for the norm of the identity 
operator I d : Af -A Lf are of special importance for us. 
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Theorem 3. Let 0 < p,q < oo, co G T> and let p be a positive Borel measure on D. Further, 
let dh(z) = dA(z)/(l — \z\ 2 ) 2 denote the hyperbolic measure. 

(i) If P < Q, then p is a q-Carleson measure for Af, if and only if sup aeD AS(a))^ < oo. 

tj(S(a))P 

Moreover, 

h-(S(a)) 




A^Ll 


sup ■ 


aeu> a i(S(a))p 

(ii) If p < q, then Id : Aff —> is compact if and only if 

p{S{a)) 


lim 


(w(5(a))) 9/p 


= 0 . 


(iii) If q < p, then the following conditions are equivalent: 

(a) Id, '■ Aff —> Lft is compact; 

(b) I d :A»-> Ll is bounded; 

(c) The function 


B“(z) = f 

Jr 


dp( C) 

r {Z )^noy 


z G ID) \ {0}, 


V 

belongs to L%~ q ; 


(d) For each fixed r E (0,1), the function 

M(A(C ,r)) 


= $* r (z) = 


'r(z) «,(T( 0) 


dh((), z G B \ {0}, 


V 

belongs to L^~ q ; 


(e) For each sufficiently large A = A(w) > 1, the function 


( 1 . 2 ) 


W = *%,x(z) = 


I-ICI 


dp{() 


i-zc\j u(T {qy 


z G 


V 

belongs to Lf,~ q . 


Moreover, 
\T ,\\ q 

VdUAZ^Lf 


\\MM\\ -2- 

Lu> 


m ^+m(o}) 


1 Mil jk 

-B'uj 


1^11 ^+M{o}). 


An analogue of the above result for Hardy spaces is essentially known. It can be obtained 
by using [9j Section 7] and [TO] . Going further, the implications of the techniques used in this 
paper can be employed to extend the known results on the area operator on Hardy spaces 
[3 IS] as well as to the study of the integral operator T g (f)(z) = fff(C)g'{()d( acting on 
Hardy and Bergman spaces. These results are briefly discussed in Section [BJ 


2. CARLESON MEASURES 

In this section we prove Theorem [3j For this aim we need some preliminary results and 
definitions. The following lemma provides useful characterizations of weights in T>. For a 
proof, see mm- 

Lemma B. Let u be a radial weight. Then the following conditions are equivalent: 

(i) uj G V; 

(ii) There exist C = C{u) > 0 and f3 = (3(u) > 0 such that 

dj(r)<c(^—f) u(t), 0 < r < t < 1; (2.1) 
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(iii) There exist C = C(oj) > 0 and 7 = 7 (w) > 0 such that 

^ oj{s) ds < Cu(t), 0 < t < 1; 

(iv) There exists A = A(w) > 0 such that 




— (z\ x+1 


dA(z) 


(i-|CI) A ’ 


CeB; 


(v) The associated weight 


u*(z) 


/ Cj(s) log -j—j-S ds, 

l\z\ \ z \ 


z£D \ {0}. 


satisfies 


w(S(z)) x w(T(z)) xu*(z), \z\ —> 1 . 


( 2 . 2 ) 


If 00 £ T>, then Lemma iBl shows that for each a £ B and 7 = 7 (w) > 0 large enough, the 
function 

7+1 

/1 — I a, 1 2 A p 

Fa ^ z) = V+^7 ) ’ ^ G 

belongs to and satisfies Hi+pH^p x cu(S(a)) and \F ajP (z)\ x 1 for all £ € S(a). This family 
of test functions will be frequently used in the sequel. 

Apart from the tent spaces Tf(y, oj), 0 < q,s < 00 , defined in the introduction, we will need 
to consider the case q = 00 . For 0 < s < 00 , define 


C S S ,M)( 0 = sup 


aer f c) u(T(a)) J T(a) 


\f{z)\ s u(T(z))dv{z) 


A quasi-norm in the tent space Tf°(y, ui) is defined by \\f \\t^°( u,u) 
The pseudohyperbolic distance from z to w is defined by g(z, w ) 


CsAf)h 


00. 


1 —w 
1—zw ’ 


and the pseudo¬ 


hyperbolic disc of center a £ B and radius r £ (0,1) is denoted by A (a, r) = {z : g(a, z) < r}. 
The Euclidean discs are denoted by D(a, r) = {z £ C : \a — z\ < r}. Recall that Z = {zk}^L 0 C 
B is called a separated sequence if it is separated in the pseudohyperbolic metric, it is an e-net 
if B = Ufclo A (zk,s), and finally it is a (5-lattice if it is a 55-net and separated with constant 
7 = 5/5. If we have a discrete measure v = 5 Zk , where {Zk } is a separated sequence, then 
we write lq{y,u) = lf({zk}, oj). 

Recall that Id : A% —>• L q (g) is compact if it maps bounded sets of A £ to relatively compact 
(precompact) sets of L q (g). Equivalently, Id : A£ —>• L q (/i) is compact if and only if for every 
bounded sequence {f n } in A£ there exists a subsequence that converges in L q {g). 


Proof of Theorem [3[ (i). There are several ways to bound the operator norm of Id '■ A% —>• 
from above by the claimed supremum. See p~3l Theorem 9] or [Tl], Theorem 3.3], and also [13, 
(11)] for the particular case q = p. The lower bound is obtained by using test functions, for 
details, see either [13, Lemma 8] or [11, Theorem 3.3]. 

(ii) . This case can be done by following the proof of [12 . Theorem 2.1(h)], with Lemma IBl 
in hand. 

(iii) . We first show that 






| _L+/i({ 0 }) 

J-/U 




V 

r p—q 

-L-'oj 


1 + 


;n ^++{ 0 }) 

-L/u, 


< 


WM\\ 

Lnj 


< 
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Fubini’s theorem, Holder’s inequality and m Lemma 4.4] yield 

u(z)dA(z) +/r({0})|/(0)| 9 

“A ISL ) 

[ N(mz) 

Jo 


9 _ 

T q 


< 


L mw $m) 

dfi(0 


u(z)dA(z)+»m)\fm q 


r(z) w(T(C)) 

< mm^KW +m({0})||/HV - \\f\\ q AP (\\B%\\ +mW) , 

lj UJ r" J^p—q -'T-C 0 \ r" J^p — q j 

and hence ||I d ||^ L , < \\B“\\ _p^ + /j({ 0}). Moreover, ||B“|| + m({0}) x ||^|| ^ by 

z^-ui rizp “ L p ~ q ^ L p ~ q ^ L v ~ q 

na Lemma 4]. 

Now write du(z) = jfr{z)) an< ^ ^(C, z) = ( |ilju| ) f° r short. Then Fubini’s theorem, 1131 

Lemma 4] and the fact w(T(£)) x a i(T(u)) and h\((,z) x h\(u,z ) for £ E A (u,r), r E (0,1), 
yield 


\ x T,U\\p-q _ 

I w a II 

f P~q 

J-Zuj 




P 

p-q 


|A(C,r)|d^(C) u(z)dA(z) 


■ l A ( 0 ?’)l 

h\(u, z)v(A(u,r)) dh(u) ) uj(z) dA(z) 


P 

p-q 


P 

p-q 


'roo 


u(A(u,r)) dh(u) lo(z) dA{z) + /u({0}) 


(2.3) 


f M A (^ r )) 

/r(z) W ( T 0)) 


P 

p-q 


dh(u) ta(z) dA{z) + /r({0}) 


= n^irx +MW) = Nr_i_ +mw), 

LT 9 T/” 9 (h,w) 

where g(u) = . Now (13) Lemma 7] implies 


Fubini’s theorem gives 


|| _z_ x \\C lth (g)\\ 

T -£ 9 (h,a;) 9 


(2.4) 


Ci,/^) (C) = sup 


, er f c) u>(T(a)) J T(a) 


p,(A(z, r)) dh(z) 


= sup 


C6T(a) w(T(a)) „ Id \Jt(o) nA(»,r) 


dh(z) dp(u). 


The points u E B for which T(a) D A(u,r) ^ 0 are contained in some tent T(a'), where 
arga' = arga and 1 — \a!\ x 1 — |a|, for all a E B \ D(0,p), where p = p(r) E (0,1). Therefore 


u(T(a)) . Id \JT(a)nA{u,r) 


dh(z ) dp(u) = 


dh(z) dp,(u) 


< 

r^j 


w(T(a)) . 'T(a') \JT(a)nA(u,r) 

p(T{a')) _ p(T(a')) n(zn , n(n , 

(rp( A 'l ^ /ry-i/ / \ \ > (J E D \D(0,p), 
w(T(a)) w(T(a')) 


and it follows that 


C^G/XC) X sup ^®^<M w ( M )(C), C€B\{0}. 

CeT(a) w(T(a)) 


(2.5) 
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By combining (1 2.3 [) . (12.41) and (12.51) . we deduce 

+ MW) = ||s|| -E- 


IvT/^l 
i /x i 


ld>“l 
i A 


T p ~ q {h,Lj) 


+ MW) 


~ \\Ci,h(9)\\ _z_+M{0})<||M w ( / x)|| _Z_. 

Lu> Lu 

It remains to prove ||M W (|U)|| _p_ < Wd\\ q A p • To do this, we will show that M u (/i) is 
pointwise equivalent to the sum of two dyadic maximal functions. 

Let I n ,k+l = {e 19 : < 0 < Z! ^Xpr^}, and denote T/ = {I U) k+i ■ n G N U {0}, 

k = 0,1,..., 2 n+2 — 1} and / G {0, ^}. Define the dyadic maximal functions 


<M{Z) = max 


2 G 


i€^0,l 


and set 


MM(z) = M% 0 (n){z) + z 

i 0. 


If oj G T>, then M£(/j,)(z) < M bJ {ii){z) for all z G B because sup/ cT < oo by Lemma [Bj 

For the converse inequality, given I C T such that z G 5(1) there exist intervals I n ,k,In,k+i 
(if k = 2 n+2 , take I njk = I nfi ) such that |/ n +i,o| < \I\ < \I n ,ol I n ,k n I ^ 0 and I njk -i n 7 = 0 . 
We may assume that n > 3, for otherwise the inequality we are searching for is immediate. 
Then I C I n . k U I n ,k+1, and there exists I n -3,m G T 0 U Ti such that \J^ k _ 2 I n ,i C I n - 3 ,m and 
S(I ) C r(/ n _ 3 , m ). Therefore Lemma iBl yields 


^(5(1)) < 3, m )) ^ m(T( 4_3, m )) _ /x(T(/ n _ 3 , m )) 


< 


<Mfo)(z), z G 5(1). 


w(5(/)) “ uj{T(I)) ~ w(r(/ n+li0 )) w(T(/ n _ 3 , m )) 

It follows that M u (n)(z) < for all z G B, and hence 

M u {n)(z) x M%([i)(z), zG B. (2.6) 

To estimate the norm of M^(/z) upwards, let choose {z^} be a separated sequence and define 


*</>« = 


z G 


By [13j Lemma 6 ] there exists A = A(w) > 1 such that 5 a : Tf ({z^}, cu) —> is bounded. By 

denoting { 6 ^} = {f(z k )j, this implies 


b k h\(z k , - 


d / x(z) = ii5 A (/)r i9(M) <ii/ (i |i 




II Sa II T p {{z k },u)^A p 




By replacing b k by r k (t)b k , where denotes the A:th Rademacher function, using the fact that 
\h\(z k ,z)\ > XT(z k )i z ) for 2 G T(z k ), and applying Khinchine’s inequality, we deduce 

X fe 2 Mz) < ll^llk-* 1 |ll^lllf ( f..} w) -,^ll{ i '‘}ll?f ( w*. l - (2 ' 7) 

Let l G {0, be fixed. For each k G Z, let denote the collection of maximal dyadic 
tents T G {T(I) : I G T;} U {B} with respect to inclusion such that (x{T) > 2 k uj(T), and 
let E k = Uref^T. Then 2 k < M^ l (fi)(z) < 2 k+1 for z G E k \ E k+ \. Let now {bx} be a 
sequence indexed by T G E = Assume for a moment that fi has compact support. 

Then {bx} is a finite sequence. For T G 5, let G(T) = T — U{T 7 G 5 : T’ C T}, and hence 
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G(T) = T — L){T' G £k+\ : T' C T} for T G £^. If T±,T 2 G £ are different (either one is strictly 
included in the other or they are disjoint), the sets G(T \) and GiTY) are disjoint, and hence 


E im 2 xt(z) 


> 


\Te£ 


E IMW)(*) = E \ b T\ q XG { T){z). (2.8) 

\T££ ) Tef 

Index the tents in £ according to which £^ with maximal index they belong to, by writing 
£k \ Um<k£m = {Tj : j G N}. Further, denote b^j = b T k and let denote the vertex of 

7 i- e - T k 

(12.71) and (12.81) yield 

E'-L |mi?)- E MI? +1 ) I < 


Tj i.e. Tj = T(zk.j) (with the convenience that the vertex of ID is the origin). The estimates 


k,j 


\ 


(2.9) 


= ll'rfll 




Y\ b ^\ 2 X T *(z)} u(z)dA(z) 
k,j 


Write r = | for short, and choose b £ ■ = 2 k ( r ' 1 ) for each k and j. Then, by using the inequality 
2 k < M^ l (n)(z) < 2 k+1 for z G Ek\ Ef.+ 1 , the left hand side of (12.91) can be estimated as 

E b h ( MI?) - E M7 +1 ) I = E - E 2t(r '-' ) E MI? n E k+ 1 ) 


k,j 


\ 


ijifc + l (—/jnfc 


k j 

->fc\ 


> 


£ (2 « r '-i) _ 2 <*-i)(r'-i) )/l(Et , = (l - -2) E 2 ‘ r ' 2_ ‘E 
Y, 2 kr Z(E k )>Y, [ u,(z)dA(z) = \\Mt,M\C, 

V V JE k \E k+1 V 2 


k k jE k\ E k +1 

while the integral on the right hand side of (12.91) with the notation 77 = 2^ 1 '*I becomes 


E I^j| 2 Xt *'( 2 0 w 0 ) dA (z) 


k,j 


[ fE^^wl u(z)dA(z)= I 
Jo \ u / -IB 


E^TfOOj u(z)dA(z) 

) p 

uj{z) dA(z) 


k,j 

V 


E 1 ? (XE»W -XE, + i(z))j W(2)d4(2) = jf (E^^^Vs+iWj «W#) 
)«W= / 


E kp 

772 


V 2 


E/ 

k d E k \E k+ 1 


u(z)dA(z) = \\M Utl (jj.)\\ r Lr ,. 


Consequently, ||A^i(^)|g r , < and thus ||M^(^)|| < ||/ d || 

^1,1 TJ ~ J U J-/,., ’ TEH 


j^v—q "" " 


because r' = = ^L_. Since this is valid for l G {0, ^}, using Minkowski’s inequality and 
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Al^rLl 


(12.61) we get 

IIMArill II . < ||Ag,„(DII Jj + ll^lWII A<l 

J-'iiJ J-'OJ i-'UJ ^ ^U) 

for /i with compact support. If /i is positive, then the above estimate, applied to the compactly 
supported g r = XD(o,r)Pi and the standard limiting argument with monotone convergence 
theorem gives ||M w (/z)|| _p_ < \\Id\\ g A p .ri ■ Hence the claimed operator norm estimates are 

P~q A-U) rL/fx 

valid and, in particular, (b)-(e) are equivalent. 

To complete the proof of (iii), it suffices to show that Id : A£, —> is compact if (e) is 

satisfied. By the hypothesis (e), (12.31) and the dominated convergence theorem, 


0 = lim 

R-j-l- 


> lim 
R—>1~ 



1 — \z\ \' dfi(z) 
{R<|z|<i} V|1 -(z\) u(T(z)) 

dg(z 


P 

p-q 


u(C)dA(() 


P 

p-q 


( 2 . 10 ) 


r( 0 \D(o,R) u(T(z)) 


u{QdA{ C). 


Let {/„} be a bounded sequence in A%. Then {f n } is locally bounded and thus constitutes 
a normal family. Hence we may extract a subsequence {fn k } that converges uniformly on 
compact subsets of B to / € A^. Write g k = fn k — f ■ For e > 0, by (12.101) . there exists 
Ro = Ro £ ( 0 , 1 ) such that 



dp(z) 


P 

p-q 


lv(() dA(() < ep-i . 


/r(C)\D(o,R 0 ) u(T(z)) J 

By the uniform convergence, we may choose ko G N such that \g k (z)\ < e 1 /? for all k > ko and 
2 G D(0,Ro). Then Fubini’s theorem, Holder’s inequality and [121 Lemma 4.4] yield 

\\9kWl* = [_ _ \9k(C)\ q dp{ C)+ [ _ \g k (C)\ q M() 

M JD(O.Rn) Jo\D(0,Rn) 


' D(0,Ro) 
< £/i(D) + 



B\D(0,Ro) 

q_ MO 


lr{z)\D(0,Ro) 

< ^( D ) + / N{g k ) q (z) 


,wor 



w(T( 0) 

_MQ_ 

h{z)\D(V,R 0 ) w(T(C)) 
< eg{ D) + \\N(g k )\\ q P £ x e/z(D) + \\gk\\ 9 A p£ < e, 

J -'U} 

L is compact. 

3. Bounded operators G v ^ s : A% -a Li 
Theorem [2] is equivalent to the following result. 



and thus Id : Af, 


□ 


Theorem 4. Let 0 < p, q,s < oo such that 1 + ^ — | > 0, uj € V and let p,v be positive 
Borel measures on D such that [i({z G D : v(T(z)) = 0}) = 0 = /x({0}). Then the following 
assertions hold: 

(i) G^ s : Al^rLl is bounded if and only if pf is a (p + s — -Carleson measure 
for A%. Moreover, 


ii g; 


V MS 

II A%j—> l2j 


n^r-; +s _,. 

P'V 


P+s—— 

q is compact. 


(ii) G x f s : — > L q u is compact if and only if Id : A^f —> L 

Theorem 2(i) will be proved in two parts. We first deal with the case q > p. 
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Theorem 5. Let 0 < p < q < oo, 0 < s < oo and u £ V, and let p,v be positive Borel 
measures on B such that p({z € B : v(T(z )) = 0}) = 0 = /r({0}). Then G v PtS : A £ -A- L% is 

bounded if and only if pf is a (p + s — ^ ) -Carleson measure for Aff. Moreover, 


\\G°n, 




hv(S(a)) 

aZ,^l v Z s q aeio u(S(a)) 1 + p-Q 


p+s-^ 

\M q 


_PS x sup 


Proof. Let first q > s. Assume that G™ s : A p -A Lf is bounded. Let a £ B and choose 
7 = 7 (PiQi s ) sufficiently large so that ||-F a J|^. p x u(S(a)) and ||F c?y|| % , x uj(S(a)). 

A-u ’ V s / a (. s ) 

-r±iO 

Then Fubini’s theorem and Holder’s inequality yield 

Pv(S( a )) x [ \F a , p (z)\ s dp“(z) 

J S(a) 


< 

r\_/ 


IS (a) 

( \F a ,p(z)\ S 
S(a) 

f l i o,(f)'(C)l 


U r - ur M 


F a my(C)\u(OdA(()\dv(z) 




u(()dA( C) 


< ll- P a,(f)'ll (§)' \\G V p,s( F a,p)\\ S L ^ < ll^( f ylL(fyll^, s ||^^||F Q , p ||^ 




Hence 


measure 


for Af, 


sup aeD < \\G V p,,s\\ s A p and Pv is a (p + s - y VCarleson 

by Theorem [3 

Conversely, let q > s and p% be a (p + s — -Carleson measure for Write t = 

t(p,q,s) = p + s — ^ > s for short. Since | = (^) , /(f) , > [13 Theorem 3] shows that 
M u : lL s) -j- lJ/J is bounded with ||M u; || (s ( 2 ) , (i)/ x sup aeD ^ v s fjjy) p • This together with 

-^ / Co> S 

Pv 

Theorem [3 Fubini’s theorem and Holder’s inequality give 

dPv(0 


\\GUf)Wh = SU P / W*)l 

INI 

CA 

= sup [ |/(C)| S 


r(2) 1/(01 w(T(0) 


w(z) dA{z) 


(£)/<! ■ 


W (T(C)) 7t(c) 


|/i(z)|w(2;)dA(z) d/i"(C) 


< 


sup [ |/(C)| s M w (/i)(C)d^(C) < sup H/lll* ,|i^ W || ( |), 
I ,iy<WB INI (2) ,<1 ^ 


IlM.WLci) 


( £ )'- 


< sup H/dll^^J/ll^llMj (§)' (f)'INI (f)' 

||/l|| ,£y<l L " 

T ' S ' 


Py{S(a)) 

sup- -I T £_£ 

K aGO u(S(a)) + r 1 


W 


s 

M' 


and hence G v ■. A p u ^ Ll is bounded and \\G V s (/)||^, < sup agD a ■ 

Since the assertion is valid for q = s by m, it remains to consider the case q < s. Let 
first pf be a (p + s — -Carleson measure for and let 0 < x < s. Holder’s inequality 
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and Fubini’s theorem yield 


\\Gi,mb = / 

J ID 


i \m\ x+8 ~ x 

r(z) w 


(T( 0 )) 


oj{z) dA(z ) 
-x d Vv (0 A 


U /(0I ~W 


< / N(f)(z)—^(z)dA(z) 


l-a 


r(z) (CJ) 


< 

r^i 


iw)ii^ / i/(or-*d/4?(o - nw)ii 


q(s-x) 

S 

r (a-x) ' 


Take x = p ^ s q q ^ < s so that s — x = s + p — Then the estimates above together with [ T2l 
Lemma 4.4] and Theorem 0 give 




< 


q(s-x) 


AS I 


AS^L 


s+p—- 


g(a-g) 

AS* 


sup . 

, aeD u(S(a )) + p i 


g 

AS’ 


and hence Gl] „ : -A L% is bounded with \\G V ,. || S . P rQ < sup 0(=n ) — Pv a ■ 

11 ~ o;(5( a )) 1+ E _ 9 

Conversely, let q < s and G v ^ s : —?> L £ be bounded. Choose a > (3 > 1 such that ^ = f • 

Fubini’s theorem and Holder’s inequality yield 


<(-S'(a))= [ xs(a)(z)dVv(z) ~ [ Xs(a)(^)l^a,p(^)l s 7 J, .. [ uj(() dA(() dfi(z) 

Jo Jo v(T(z)) J T{z) 

= [ ( f XS(a)(z)\F a , p (z)\ S Mz) 

Jo \ Jr(c) 


1 + 1 T 

a a/ 


< ti([ 

j \Jr(0 v{T(z)) 


v{T{z))) 

p 

u(C)dA(() 


T(z) 

u(C)dA( C) 


(3.1) 


p' 


'no 


Xs ^ v(T(z)) ) w(C)cL4(C) 
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Now fr > 1 because (5 < a, and hence ||G f ^ 1 (xs(a))|| p' can be estimated by duality argu- 

T ~oJ 

ments. Namely, since Fubini’s theorem, Holder’s inequality and [13], Theo¬ 

rem 3] give 

l|G>, 1 (XS(a))ll P' = sup [ IMOI G^Axsia^CMOdAiC) 

lW IDII P(a — 1) <1^P 


< 


X-P 


sup 

p(a — l) <1 ■ 
. ct — fi 


sup 

p(a-l) <1 ■ 

■ OL — fi 


sup 

P(a-l) <1 ' 

OL — fi 


sup 

P(a-l) <1 ' 

- OL — fi 


IMOI 

> V 

XS(a)(z) 

) 

XS(a)(z) 


' r (0 


W(C) dA (C) 


1 


v(T(z )) J T{z) 
u(T(z)) j T{z) 

Xs{a)(z)M u (h)(z) dtffiz 

) 

/ XS(a){?)dHv{z) 


\h(0\u(C) dA(C)J dn(z) 

|/i(C)|w(C)cW(C)j dvfi(z) 


(3.2) 


< sup 

IDI ff(n-l) 

r OL-fi 

. 1 _ OL_ 

n fi(QL- 1 ) \ 1 Rf 

M u (h)(z) ~-P XS(a)(z) d Hv(z) 

D / 

/ a dv{S(z) nS(o))\ 1_ ? 

< ^(^(o))/ 3 sup-- —— - , aeo. 

\2GD ‘'‘A'-H'DJ / 

By combining this with (13.111 and using the norm estimate ||F a . p ||^ p x u(S(a)), we deduce 


^ v (S(a)) <\\G^ s (F a , p )r L fi\G^xs^ 


a)) II p' 


II G 1JI AP^rfl U ( S (. a ))^ t i v( S ( a )) W (SUP 


J H,s\\ A l^Ll 

which yields 

m?(s(o))^(s(o))-* < no;,,llj 

Define d[i r (z) = XD(p,r)( z )dfJ-( z ) for 0 < r < 1. Then 

d{J>r( C) f 


^(S(z)nS(a))\^-p 


2 gd u(S(z)) 


ti(S(z)nS(a) )\*-v 
p,s\\ A ^a W (5(z)) 


a € 


(3,3) 


(aiMHpy = / i/(oi 

Jr(z) 


l/(C)l s 


dd{ 0 


< 


r(z) u(T(C)) Jv{z)OD(0,r) u(T(C)) 

J l/(C)| s ^||y = (G^(/)(^)) s , zGD\{0}, 


(3.4) 


/r W v(T( 0) 
and hence HG^J a£ _> L 8 < ||G^ for all 0 < r < 1. 
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If q = p, then (13.31) applied to p r implies 


j. _ ± 

UOr {S{a))fw(S(a)r> < WGIXa^l’ 1 ) * . »E». 


w(S(z)) 


and hence 


Consequently, 


CUD W)r(S{z)) y ^ ,, v ^ KH'vJr 

3 u(S(z)) ) - 11 u(S(z)) 


(Vv)r(S(z)) V' P ' 


(tf)r(S(z)) 

(Q( \\ r '~' 

^GB,rG(0,l) 


l i s II Atjj^-Lu * 

So Fatou’s lemma and Theorem [3] show that pf is a p-Carleson measure for A £ with 


Ad\\ A P L p 


(^( a )) <" II fIV MS 


If q > p, then applying (13.31) to p r and bearing in mind that u is radial 

W)r(S(«)) < ||GJ r „||^ MSiarf-'-i+i hup n S(a))\iA 


u(S(a)) 1+ v~« 


,gO u(S(z)) 


-(«-?)(«-?) 


SU P - far \\ 

K z:S(z)cS(a) u{S(z)) 

1-2 


WW^)nS(a)) 


1-2 


= II G] 


T-CJ ' 1 - J UJ 


sup 


< ||G" 119 


Mr,S II AJ,— >L^j 


(hv)r(S(z) fl5(tt)) 
V*:S(z)<Es(a) u(S{a)) s TTuj{S(z)), 

(tf)r(S(z)) V" ? 


sup 


z:S(z)cS(a) Uj(S(z)) 1+ P i 


a € 


Consequently, 


(Vv)r(S(a)) 
aei) \^a;(«S'(a)) 1 + p _ 9 


sup 


< 11 ^, 11 ^ J sup sup 


«) r (5(z)) 

\l+r-- 


1 — 2 


agD z:S(z)cS(a) u(S(z)) + P 2 

1-2 


= \\Gl, s \\ q A v^ Ll sup 


(tfUSja))' 
agi) U>(S(a)) 1+ P~^ 


and thus 


«) r (5(a)) < 

SU P . . l + »_* ~ ll^/^sll 

agB,rg(0,l) UJ{S{a)) p 2 


A^Ll- 


Fatou’s lemma and Theorem [3] show that is a + s — ^^"Carleson measure for Aff with 
the corresponding inequality of norms. □ 

Theorem 6. Let 0 < q < p < oo and 0 < s < oo such that 1 + ^ — | > 0, cj £ (D and let 
p,v be positive Borel measures on D such that p({z € D : v(T(z )) = 0}) = 0 = ^({0}). Then 
GJ I S : Aff —> L 9 is bounded if and only if /if is a p ^1 + | -Carleson measure for Aff. 
Moreover, 


\\r v II s '-nc ||P+s Pq 
- II 9 ' 


p+s-22 

ap _2 

-‘’•Id '■‘-'..lJ 

H'V 


ll-Bf|| . 2P 

l,: 
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nP+ s ~ — 

Proof. The equivalence q _ ps 


I B 


d-'oj 


follows from Theorem [3j 


32 

If B v G Lff p ~ q) , then Holder’s inequality and [121 Lemma 4.4] give 


\\GUf)\\l q = 


l/(C)l s 


MO 


< 


[ N(M( 
J D 


r W ' v(T(0)J 

[ MO 


uj(z) dA(z) 


I r W v(T(0) 


uj(z) dA{z) 


<\\N(f)\\ q LP \\BZfK, ~\\f\\ q A AB v 0V^2 

1“ s(p-q) ^ 


(P-9) 


and hence G]1 „ : —> Lj is bounded and \\G V U „|| S , P rQ < ||iT]|| qp . 

J-'cj 

Assume now that G^ s : —>■ Lf is bounded, and let first q > s and write t = t(p, q, s ) = 

(p + s — y) = s+p(l — |). It suffices to show that is a t-Carleson measure for A Fubini’s 
theorem, Holder’s inequality and [121 Lemma 4.4] yield 


b u = i i/(*)i‘ ([ M)dA(o 

^ Jo yT(z) / 


dp{z) 

WiO) 


' r (0 


\no\ 


M-p(i-f )M0 


v{T{z)) 


< 


M)dA(0 

dp(z) 


f Jv(/)fU-i)( C ) / f l/wr-^hjwKJ^o 

Jd Ur(c) n T (z)) ) 


< ll^(/)lir f) ||^(/)ll^ - 11/lC f) H^(/)lll, 


< iig; 


mIIas^H/Has 


and hence -3 is bounded with ||/d||^r• 

Py 

If q = s, then t = s and the result follows from (11.111 . 

If q < s, then t = p + s — ^<s and | > 1 because min{p, s} > q. Hence Holder’s inequality 
gives 


Tt - 

Pv 


< 


t dp(z) 


/ \f{z)\ 

/ r(c) v(T{z)) 

r | /wr ««*) 


w (C)dA(C) 


dp(z) 


l-Z 


< 


I r(c) W ( T 0)) / V^ r (0 

(f 

\J r(c) K r (*)) 

f dp(z) 


u(0dA(0 


-t q 
s q — t 


3 \Jr(c) v(T(z))^ 

= ll^,.(/)llkll^ 


M)dA(0 

) 


Q~t 

q 


u(0dA(0 




s(p-q) 


,1-i 


— \Mh,s\\aI^Li\\ B H,sW -JUL 


( p-q ) 


t 

Al- 
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This applied to p r yields 


T £ 

W)r 


/^£, /#o, 


A?, 


(p-q) 


and hence 


Since ||/ d ||^p 


,i—- 


v rt 

^ (P%)r 


II^IIas^l* < II g ^, s IIa£-^l2,II s Xh 

(Mti)r L*(P- q ) 

\\Bf II by Theorem [3l we deduce 

P 1T L a(p-q) 


II Bl II _JL < ||G£ JV^II^ II * w , 

V r 11 s( p - g ) ~ 11 Mr.S II A w —>L W Ur " r slp-n) 


, 1 —- 


and hence 


ll-^ll ~ II g ^, s IIa£^£ - 11^11 AZ^LZ’ 


which together with Fatou’s lemma gives 

This finishes the proof 


B v .\\ qp <liminf||f? 

L 


V 11 , S(p-g) 11 s(p-g) ~ II A£—' 


□ 


4. Compact operators G" \ A(f ^ L% 

In this section we prove Theorem [U^ii). 

Lemma 7. Let n be a finite positive Borel measure on B and 0 < p < oo. // {y?n}5£Lo c ^ 
and ip £ L„ satisfy hin^^oo ||y? n || LP = ||</?|| l p and lim^^oo tp n (z) = ip(z) v-a.e. on B, then 
lim^oo || ip n - <^|| L r = 0 . 

Proof. See the proof of [5[ Lemma 1 p. 21]. □ 


Theorem 8. Let 0 < p < q < oo, 0 < s < oo and oo £ T>, and let (i, v be positive Borel 
measures on B such that n({z € B : v(T(z)) = 0}) = 0 = /r({0}). Then G v ^ s : A £ —> L% is 

r P+s-E 


compact if and only if Id : A £ —>• L 


is compact. 


Proof. Let first q > s. Assume that G v : Afj —> Lf is compact. For each a € B, let f a ,p(z) = 


(w(5(a))) p F a>p (z) = (w(5(o))) * 


i-H 2 

1—a.2 
P 


7 + 1 


. By Lemma [Bl we may choose 7 = 7(77 q, s, 00 ) 


sufficiently large such that sup aeD ||/ a ,p||^ P x 1 , sup aeD \\f a ^i) 


,(f)' 

1 „(§)' 


1 and f a ,p converges 


uniformly to zero on compact subsets of B as |a| —» 1 .A standard argument shows that 

■p,s\Ja,pj\\ l,1, — (4-1) 


lim ||G^(/ a ,p)|| L £ =0. 
|a|—►!- 


Fubini’s theorem and Holder’s inequality yield 
ti(S(a)) _ 1 


cu(5(a)) 1+ p q oo(S(a)) 1 q Js(a) 


— [ \f a ,p{z)\ s dp%(z) 

q Js(a) 


'S(a) 


l/«Hp(*)l‘ 


1 


v(T(z)) J T{z) 


l/a,(2y(C)|w(C)^(C) dp,(z) 




f l/a,(f)'(C)| 

J D 


/ \UM\ 

I r (0 v{T(z)) 


00 (C) dA(C) 


< H/a,(f)'IL(f)'ll^(/a, P )ll^ < m, s (f^)Wh 
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1 |a|—>i— , * = 0 and hence Id : A £ 




L 


p + s ~v 


IS 


This together with (14.11) gives lim| a 
compact by Theorem [3j 

Conversely, let q > s and assume that /<-/ : A £ 
p + s — y > s for short. Let {f n } be a bounded sequence in A Then, we may extract a 
subsequence {/ nfc } that converges in and uniformly on compact subsets to some / € A p . 
Write g n , k = f nk — f. By Fubini’s theorem, [T3J Theorem 3] and Holder’s inequality, 


P+s-£Z 

L u, q is compact. Write t = t(p , q, s) = 


listen*) III« = sup 

and hence 




\h(z)\ ( [ ) u(z)dA(z) < || S „,||' ti 

\ir(z) ((j) / A 


11 G ^,s (S n k ) 11 = °- 


If s > 1, two applications of Minkowski’s inequality gives 

\\\^ V H,s(fn k )\\Ll ~ II G m, S (/)IIl«| < \\G V n,s(9n k )\\Ll > 0, k —> OO. 

Moreover, since {f nk } converges uniformly on compact subsets of B to /, then ipk(z ) = 

(ir» \ f^k(0\ s ' converges to ip(z) = (f r(z) |/(C)| 8 ff(0) ) ' for each z G D - There¬ 
fore Lemma H yields 

hm \\G V (f nk ) - G v (f)\\ L * = lim \\<p k - <p\\ Ll = 0, 

k—yoo k—too 


and thus G v s : A{f —>• Lf is compact. 


- p,s 

If 0 < s < 1, 


/ l/» t (C)l'^|rr < / \Sn k (0\‘-j§M+ [ 1/(01 

Jt(z) (Cjj Jt(z) (CJJ Jr(z) 

which together with Minkowski’s inequality yields 


"(.my 


\K, s (fn k )\\h - \KM)\\k ^ II^,.(^)IIls- 

Now, by arguing as in the previous case we see that GJ IS : A p —>• Lf is compact. In view 
of ( 11 . 11 ) . a similar reasoning also applies in the case q = s. 

p+s-El 

It remains to consider the case q < s. Assume first that Id : A — > L^ q is compact. Let 
{f n } be a bounded sequence in A p . Then we may extract a subsequence {fn k } that converges 
P+ s ~— 

on q and uniformly on compact subsets of B to some / £ Ai,. Write g nk = f nk — /, 

and let 0 < x < s. Holder’s inequality and Fubini’s theorem yield 

II GU 9 n k )\\k < [ N (Sn k )(z 
“ JD 

qx 

~ l|-^(fi l n fc )|| || 9‘, 


k ank(orx ^m)‘ u{z)dA(z) 


q(.s-x) 


Z n k I I r (s — x) * 

r»-q L u 

Take x = p < s so that s — x = s + p — — . Then the estimates above together with [121 
Lemma 4.4] give 

qx q(s — x ) q(s — x ) 

Il^/i,s(fl , nfc)lli9 1$ \\9n k ||^P \\9n k || s f p _ PjL 1$ || 9n k || 


and hence 


hm \\G v ^ s (g nk )\\ L i = 0. 


k—>oo 


Now, by using Lemma[T]and arguing as in the case q > s, we conclude that lim^oo ||G“ s (fn k ) — 
GIM) lk=o, that is, G^ g : A £ —> Lf is compact. 
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Conversely, let q < s and assume that Gf s : Af —> Lf is bounded. Choose a > (5 > 1 such 
that f = f- By arguing as in (13.11) and (13.21) . we get 

< iig;, s (/», p )ii|, iiG”, 1 (/>,( Z ) Xsw )ii : t 

oj (-S(a)J L ^r 

and 


I, r v (fS /_ W VI 

WG^lif a,p\ z )XS(a))W SL ~ \\s/p 

L^ 7 w(S(a)) 

respectively. These estimates yield 


^(S(z)ns(a))y-w 

u(S(z)) 


a G 


tf(S(z)ns(a))\*-v 


a G 




a € 


(4.2) 


/<(g(a)) f /<(g(a))^ . ■ — 

* (SM)*'" ~ 11 VKS w(S(2)) 

and thus 

M “) S( ° ) , ) < iiG”,,(/ a ,p)n» s 

uj(S(a))p " V^eD U \S( Z )) 

If q = p, we may use linm^- ||G ps (/ aiP )|| i p = 0 and Theorem [5] to deduce that the right- 
hand side of (14.2p tends to zero as a approaches the boundary. Therefore Id : A f —» is 
compact by Theorem [3)Jii). 

If q > p, by using (14.21) and arguing as in the corresponding part of the proof of Theorem [5l 
we get 

. 1_£ 


Lv(S(a)) 


uj(S(a)) 1+ p i 


— < ll^, S (/a.p)ll^ Slip 


feein uj(S(b)) 1+ p~I 


a G 


from which arguments similar to those applied in the previous paragraph show that Id : Af 


p+s- 22 

L u, 9 is compact. This finishes the proof. 


□ 


Theorem 9. Let 0 < q < p < oo and 0 < s < oo such that 1 + | — | > 0, u £ V and let p, v 
be positive Borel measures on B such that p ({z G B : v(T(z)) = 0}) = 0 = /u({0}). Then the 
following conditions are equivalent: 

(i) Gf s : Aff —> Lf is compact; 

(h) G v ^ s : Aff —> Iff is bounded; 

(iii) Id : Af —>• L^b p 9 is compact; 

(iv) Id : Af —>• L i p 9 is bounded. 

\ / f-L v 

Proof. The conditions (ii)-(iv) are equivalent by Theorems H)(i) andEJiii). To complete the 

p ( 2 j s _ S_ \ 

proof, it suffices to show that Gf s : Af — * Iff is compact if Id : Aff —> L^b p 9 is bounded. 
To see this, let {f n } be a bounded sequence in Aff, let { f nk } be a subsequence that converges 
uniformly on compact subsets of B to / G Af. Write gk = fn k — / as before. By using 
Theorem [3] and the last part of the proof of Theorem E2hi), we deduce 


lim 

R-yi~ 


dp(z) 


s(p-q) 


\Mc)\D(p,R) u(T(z)) 

Therefore, for a fixed e > 0, there exists Rq G (0,1) such that 

[If dp(z 


u(C)dA( C) = 0. 


s(p-q) 


/r(C)\D(0,Ro) u(T(z)) 


w(C) dA(Cf) < £p-<i. 
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Choose ko G N such that \gk(z)\ < e 1//g for all k > ko and z £ D(0,Rq). Then Holder’s 
inequality and [121 Lemma 4.4] give 


KM)\\ q a < 


[ _laKJI'-^r) 

/r(z)n.D(o,Ro) V \T{()) J 


+ 


MO I s 


dn(() 


'r(z)\D(0,Ro) V ( T (0) 


<e+ [ N(g k y(z)l [ 
Jo \ Jr 

<e+\\N(g k )\\l P 

J-'uj 


dp( C) j 
r(z)\D(o,fl 0 ) V ( T (0) J 


to(z) dA(z ) 

£ 

s 

uj(z) dA(z) 

uj(z) dA(z) 


f Me) \ 

lr(z)\D(0,Ro) v (T(0) J 


(p-q)s 


P — Q 
V 


lo(z) dA{z) 


< £, 


and consequently, lim^oo \\G v gs (gk)\\ q L q = 0. Finally, by using Lemma 0 and arguing as in the 
proof of Theorem [HJ we deduce lim^oo || G v li s (f k ) — G^ s (/)||^ 9 = 0, that is, G) JS : A £ —> Lf 
is compact. □ 


5. Applications and further comments 


5.1. Area operators in Hardy spaces. For 0 < s < oo, define 


GMf)(z) = 


' r(*) 


\no\ i 


drtO V 

1-ICI7 ’ 


zel 


The method of proof of Theorem [4] combined with the results in [9] Section 7] and [40], can 
be used to obtain the following result. The details of the proof does not reveal anything new, 
and are therefore omitted. Here L q (T) refers to the classical L^-space on T. 


Theorem 10. Let 0 < p, q < oo such that 1 + ^ — | >0, and let g be a positive Borel measure 
on D such that /r({0}) = 0. Then G^ s : H p —> L q {T) is bounded (resp. compact) if and only 
P+ s “- 

if Id ■ H p —> L[t q is bounded (resp. compact). Moreover, 


II G„, 


s\\HP^Li(T) 


P+s-21 

Wldlf * 


Hp^-Lu 


p+s 


_ps x sup 


g(S(a)) 


q a€» (1 — |a|) 1+ P q 


P<Q, 


and 


where 


l|G>, 




B x 


ll^ll 


p+ s ~\ 

p+s-PS. 

HP^L^ q 


.(0 = / 

Mo 


dg{z) 

l-\zV 


II-BJ ~gn>, q<p, 

L 3 '.P- q > 

c e T. 


In particular, this result proves the conjecture in [S] p. 365] in the case 1 + ^ > 0. 


5.2. Integral operator T (J on Bergman and Hardy spaces. Each g £ 77(0) induces the 
integral operator 

Tg(f)(z)= f g'(C)f(()d(, z€ O, 

Jo 

acting on 77(0). This type of integral operators have been extensively studied during the 
last decades and have interesting connections with other areas of mathematical analysis, see 
mm and the references therein. In particular, the symbols g for which T g is bounded or 
compact from A p to Af can be described in terms of the following spaces of analytic functions 
when q > p. 
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We say that g £ B) belongs to C q,p (u*), 0 < p, q < oo, if the measure \g'(z)\ 2 lo* (z) dA(z ) 
is a g-Carleson measure for Af. Moreover, g £ Cq P (m*) if the identity operator Id : A p —> 
L q (\g'\ 2 uj*dA) is compact. If q > p and oj £ V, then Theorem 0 shows that these spaces only 
depend on the quotient - ;) . Consequently, for q > p and u £ V, we simply write C q / p (uj*) 
instead of C q,p (co*). Thus, if a > 1 and u £ V, then C a (u *) consists of those g £ ’H(ID) such 


that 


llsllc“K) = b(0)| +sup 
7CT 


fs(i) W{z)\ 2 ui*(z)dA(z) 


< oo. 


(5.1) 


(u(sm a 

An analogue of this identity is valid for the little space Cq(uj*). We refer to m Chapter 5] 
for further information about these spaces. 


Theorem 11. Let 0 < p, q < oo such that q > an d Let g £ "H(B) and denote 

dp g (z) = \g'(z)\ 2 u*(z) dA(z). Then T g : A p —>■ Af is bounded (resp. compact) if and only if 

p+2—— 

Id ■ A p —> L gg q is bounded (resp. compact). 


Proof. By [T2J Theorem 4.2], T g : A p — > Lf is bounded (resp. compact) if and only if 
G^ s 2 : Afj — > Iff is bounded (resp. compact), and x ||G'^ gj2 IU£->-L£- Theorem [4] 

implies 

“ lit/) 2 " 

and this finishes the proof. □ 


It is worth mentioning that Theorem [3] yields 

||J1||2_ ^ „„„ / x g(‘S'( a )) 


|| 2 

Wa^lI 


sup 


“G® co(S(a)) 


2( + ^)+l 


q>p 


Thus T g : Aff -A- Lf is bounded if and only if g £ C+ a) +1 (u;*). If p > q. Theorem [3] also 
gives 

qp 

r / r \ 2 ( p - i ) 

\\T g \\\^ Ll - / / \g\z)\ 2 dA(z)\ W (C )dA((), 

J d \J r(C) ) 

QP 

and thus T g : Af -A Lf is bounded if and only if g £ Af~ q by [T2, Theorem 4.2]. 

Consequently, whenever q > Theorem [TT] improves [121 Theorem 4.1] because the 
hypothesis on ui are stronger in the original result. In particular, if q < p, the weight ui is 
assumed to be continuous and strictly positive with the local regularity 


uj(t) x w(r), 1-txl-r. 

This hypothesis allows one to use the strong factorization Af = Aff ■ Aff , p~ l = p( ] + pf 1 , 
[12 , Theorem 3.1], which is a principal ingredient in the proof of [ 421 Theorem 4.1], 

However, the defect of Theorem dn is the extra hypothesis q > which is a restriction 
only in the case p > q. This condition is inherited from Theorem [3] and appears there because 

QP 

Carleson measures are finite measures. This is not true in general for p g when g £ Af~ q and 
q < The case of compact operators can be analyzed in the same way. 

If q > one m ay characterize bounded and compact operators T g : H p -A H q by using 
Section [5.11 In order to avoid unnecessary repetition, we omit the details. 
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